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Abstract

Reinforcement learning is a promising ap-
proach to learning robotics controllers. It has
recently been shown that algorithms based on
finite-difference estimates of the policy gradi-
ent are competitive with algorithms based on
the policy gradient theorem. We propose a
theoretical framework for understanding this
phenomenon. Our key insight is that many
dynamical systems (especially those of inter-
est in robotics control tasks) are nearly de-
terministic—i.e., they can be modeled as a
deterministic system with a small stochastic
perturbation. We show that for such systems,
finite-difference estimates of the policy gra-
dient can have substantially lower variance
than estimates based on the policy gradi-
ent theorem. Finally, we empirically evaluate
our insights in an experiment on the inverted
pendulum.

1 Introduction

The policy gradient is the workhorse of modern rein-
forcement learning. In particular, most state-of-the-
art reinforcement learning algorithms aim to learn a
control policy 7y by estimating the policy gradient—
i.e., the gradient VyJ(0) of the expected cumulative
reward J(0) with respect to the parameters 6 of the
control policy—in one of two ways: (i) numerically,
e.g., using a finite-difference approximation (Kober
et al., 2013; Mania et al., 2018), or (ii) by using the
policy gradient theorem (Sutton et al., 2000) to con-
struct estimates (Silver et al., 2014; Schulman et al.,
2015a,b, 2017). However, there has been little work
on theoretically understanding the tradeoffs between

Proceedings of the 23"International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2020, Palermo,
Italy. PMLR: Volume 108. Copyright 2020 by the au-
thor(s).

these two approaches, and our work aims to help fill
this gap.

We are interested in applications to robotics con-
trol, which typically have continuous state and action
spaces (Collins et al., 2005; Abbeel et al., 2007; Levine
et al., 2016). For example, reinforcement learning can
be used to learn controllers when the dynamics are un-
known (Abbeel et al., 2007; Ross and Bagnell, 2012;
Akametalu et al., 2014; Berkenkamp et al., 2017; Jo-
hannink et al., 2018). Understanding sample complex-
ity is especially important in this application, since
the goal is for robots to be able to learn based on
real world experience, which can be very costly to ob-
tain. Furthermore, having a theoretical understanding
of sample complexity is important for developing safe
reinforcement learning algorithms (Akametalu et al.,
2014; Berkenkamp et al., 2017; Dean et al., 2018b).

We argue that near determinism is an important char-
acteristic of dynamical systems relevant to robotics.
More precisely, we study settings where the noise
in the dynamics is “small” (i.e., sub-Gaussian with
small constant). This setting captures robotics tasks
such as grasping (Andrychowicz et al., 2018), quad-
copters (Akametalu et al., 2014), walking (Collins
et al., 2005), and driving (Montemerlo et al., 2008),
where the dynamics are primarily deterministic but
include small perturbations such as wind, friction, or
slippage. We discuss this claim in detail below.

Main results. In the context of near determinism, we
analyze the sample complexity of various algorithms
for estimating the policy gradient VyJ(6). We study
three algorithms: (i) an algorithm based on finite-
differences, (ii) an algorithm based on the policy gra-
dient theorem, and (iii) a model-based algorithm (i.e.,
it knows the system dynamics) that uses backpropa-
gation to estimate the policy gradient. The model-
based algorithm represents the best convergence rate
we can hope to achieve using only random samples
of the noise. We give details on these algorithms in
Section 3.

Our key parameter of interest is the sub-Gaussian pa-
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rameter o¢ of the system noise ¢, which is small for
nearly deterministic systems. Here, we also consider
dependences on the estimation error ¢ and the dimen-
sion dg of the parameter space; we state theorems giv-
ing dependences on all parameters in Section 4. We
prove the following bounds on the sample complexity
n (i.e., the number of samples needed to get at most €
error with probability at least 1 — §):

e For the model-based estimate, n = 6(02/62).

e For the finite-differences
@(Jgd@ /eb).

e For the estimate based on the policy gradient the-
orem, n = O(1/€%) and n = Q(1/e).

estimate, n =

Our key finding is that while both the model-based and
finite-difference estimates become small as o becomes
small, the estimate based on the policy gradient theo-
rem does not. Thus, for nearly deterministic dynam-
ical systems, finite-difference algorithms perform sig-
nificantly better. However, this improvement comes at
a price—n depends on dg, and furthermore quadrati-
cally more samples are needed to get to the same es-
timation error.

Finally, we focus on how many samples are needed
to estimate the policy gradient on a single step. This
understanding is already useful for applications such as
safe reinforcement learning. Nevertheless, we discuss
how our results connect to the problem of optimizing
J(#) in Section 4.

Motivation for near determinism. A common
approach in robotics is to model the robot dynam-
ics as deterministic (Levinson et al., 2011; Kuinder-
sma et al., 2016). To account for stochasticity, ei-
ther a stabilizing controller such as a PID controller
is used (Levinson et al., 2011), or the robot’s trajec-
tory is replanned at every step (Kwon et al., 1983;
Kuindersma et al., 2016). An alternative approach is
to assume that the dynamics are deterministic plus
a bounded perturbation at each step, and then use
robust control (Akametalu et al., 2014). Both ap-
proaches implicitly assume that the deterministic por-
tion of the dynamics are a good approximation of the
full dynamics. In general, most systems that have
been successfully studied in reinforcement learning
are nearly deterministic, including Atari games (Mnih
et al., 2015), MuJoCo benchmarks (Todorov et al.,
2012; Levine and Koltun, 2013), and simulated grasp-
ing tasks (Andrychowicz et al., 2018).

More importantly, we believe that it will be challeng-
ing to increase the sample efficiency of reinforcement
learning in systems where the noise is high. Indeed,
our analysis shows that noise can be greatly ampli-
fied by the dynamics, so if the noise is large, we be-

lieve there is very little hope for sample-efficient re-
inforcement learning. In these settings, we may need
to rely on techniques such as transfer learning (Taylor
and Stone, 2009), meta-learning (Finn et al., 2017), or
learning to plan (Tamar et al., 2016) to achieve low
sample complexity.

Related work. The theoretical work in reinforce-
ment learning algorithms has primarily focused on Q-
learning (Watkins and Dayan, 1992; Kearns and Singh,
2002; Kakade et al., 2003; Jin et al., 2018), espe-
cially for Markov decision processes (MDPs) with fi-
nite state and action spaces. There has been some
work on understanding the sample complexity of re-
inforcement learning with function approximation—
e.g., for fitted value iteration (Munos and Szepesvéri,
2008), for fitted policy iteration (Antos et al., 2008;
Lazaric et al., 2012; Farahmand et al., 2015, 2016), fit-
ted Q-iteration (Tosatto et al., 2017), and the TD(0)
algorithm (Dalal et al., 2018). For robotics tasks,
where state and action spaces are typically continu-
ous, the most successful approaches are predominantly
based on policy gradient estimation (Collins et al.,
2005; Kober et al., 2013), for which there has been rel-
atively little work. In this direction, (Kakade et al.,
2003) has analyzed the sample complexity of algo-
rithms based on the policy gradient theorem, but they
do not study the dependence of the sample complex-
ity on the magnitude of the system noise. Further-
more, their work assumes finite state and action spaces
and bounded rewards, and they do not consider finite-
difference algorithms.

There has been work characterizing a key design choice
of finite-difference algorithms—i.e., the distribution of
perturbations used to numerically estimate the pol-
icy gradient (Roberts and Tedrake, 2009). They mea-
sure the performance of different choices using the
signal-to-noise ratio. In contrast, our goal is to under-
stand the sample complexity of different algorithms for
nearly deterministic systems.

There has recently been work on understanding the
sample complexity of learning controllers; however,
they focus on linear dynamical systems, and on differ-
ent algorithms—e.g., temporal difference learning (Tu
and Recht, 2018b) or model-based algorithms (Dean
et al., 2018a; Tu and Recht, 2018a). There has also
been work in this setting studying the possibility of
reducing variance by controlling the noise in the dy-
namics (Malik et al., 2019); in the setting we study,
we cannot control the noise.

There has been recent work comparing approaches
based on exploration in the action space (based on the
policy gradient theorem) to exploration in the state
space (based on finite difference methods) (Vemula
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et al., 2019). Our focus on nearly deterministic sys-
tems enables us to obtain qualitatively different in-
sights compared to theirs. In particular, they find that
approaches based on finite differences perform better
for problems with a long time horizon. However, we
analyze a more realistic model, and find that this in-
sight no longer holds. Instead, approaches based on
finite differences outperform approaches based on the
policy gradient theorem for nearly deterministic sys-
tems.

Our analysis differs in three key ways. First, they as-
sume an upper bound J(6) < Jpax, which is a very
strong assumption. Second, their analysis does not
model stochastic dynamics. Instead, they assume that
J(0) is deterministic, but they can only obtain obser-
vations J(6)+(, where ( is i.i.d. noise. In contrast, our
analysis considers both stochastic dynamics, as well as
how noise is propagated through the dynamics. This
distinction substantially complicates our analysis, but
is necessary for us to understand the implications of
near determinism (since we need to understand how
the dynamics can amplify noise). Finally, unlike their
work, we provide lower bounds for our main results.

Connection to optimizing J(f). Estimating the
policy gradient can be used in conjunction with
stochastic gradient descent to optimize J(#). There
is a large body of work on understanding the conver-
gence rate of stochastic gradient descent (Robbins and
Monro, 1985; Spall et al., 1992; Bottou and Bousquet,
2008; Moulines and Bach, 2011), of which policy gra-
dient algorithms are a special case. Indeed, (Vemula
et al., 2019) uses these techniques to bound the com-
plexity of optimizing J(6).

There are several reasons why we focus on understand-
ing the sample complexity of a single gradient step
rather than the sample complexity of optimization.
First, they rely on the strong assumption that J(#) is
bounded—i.e., J(#) < Jmax for some Jyax € Ry. Sec-
ond, it would be much more difficult to derive lower
bounds on optimization—existing lower bounds are for
the setting where the objective f coming from a very
general function family, and these bounds may not ap-
ply when f is restricted to be the objective of a rein-
forcement learning problem. In contrast, for sample
complexity, we derive matching (or almost matching)
upper and lower bounds. Third, the sample complex-
ity of estimating VyJ(0) is of intrinsic interest—for
example, it is an important prerequisite for safe rein-
forcement learning algorithms (Akametalu et al., 2014;
Berkenkamp et al., 2017; Dean et al., 2018b). Finally,
focusing on sample complexity simplifies our key in-
sight. In particular, consider the the completely de-
terministic setting—optimizing a deterministic func-
tion using gradient descent may still take many steps,

but “estimating” the gradient only requires a single
sample.

Additionally, we note that sample complexity is di-
rectly related to the complexity of optimizing J(#). In
particular, the bounds in Vemula et al. (2019) all de-
pend directly on the variance o2 of the observations
J(0) 4+ ¢. Our proof bounds the sample complexity of
estimating VJ(6) by bounding the sub-Gaussian pa-
rameter of J(6), which is an upper bound on the vari-
ance of J(6). Thus, smaller sample complexity trans-
lates to smaller complexity of optimizing J(6).

Finally, our focus on estimating the gradient does not
address the problem of exploration. In terms of opti-
mization, gradient estimates can be used in conjunc-
tion with gradient descent to efficiently find local min-
ima, whereas exploration is needed to find global min-
ima. Understanding the sample complexity of explo-
ration is an important but orthogonal problem that we
leave to future work.

2 Preliminaries

We consider a dynamical system with states S C R9s,
actions A C R?% | and transitions

St41 = f(se,ae) + G where (G ~ p((),

where f: S x A — S is deterministic and ¢ € R% is a
random perturbation. We consider deterministic con-
trol policies g : S — A with parameters § € © C R,
Except in the case of the model-based policy gradient
algorithm, we assume that both f and p are unknown.
We separate f from p since we are interested in set-
tings where ¢ is small. Also, we that assume (; is
independent of s; and a;. This assumption enables us
to substantially simplify the model-based policy gra-
dient (since we avoid taking a derivatives of p), and it
also simplifies our analyses of other algorithms.

We are interested in controlling the system over a finite
horizon T' € G—given a reward function R: S x A —
R, the goal is to find the policy 7y that maximizes the
expected cumulative reward

z_: R(St,at)l )

where pg(a) is the distribution over rollouts o =
((s0,a0), -, (ST7—1,a7—1)) when using 7y, and where
we assume the initial state sy € S is deterministic
and known. Note that « is determined by 6 and

5 = (Coy.--sCr—1), S0 an expectation over py(a) is

equivalent to one over p(¢). We are interested in esti-
mating the policy gradient

D(0) = VJ(0)

J(0) = Epy(a)
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so we can perform gradient ascent on €. As usual, let

§(s,0) = Eyey [R(s,0) + V"V (f(s,0) + 0]
Vi (s) = Q4 (s, mo(s)),

fort € {0,1,...,T — 1}, where VG(T)(S) = 0, denote the
Q@ function and value function, respectively (Sutton
and Barto, 2018). In particular, J(6) = VQ(O)(S()).

Remark 2.1. Our results straightforwardly extend to
dynamical systems with time varying dynamics and
rewards. Also, we can relax our assumption that the
initial state sg is deterministic—i.e., to handle an ini-
tial state distribution pg, we can modify the dynamics
on the first step to be s; = s + (p, where s = 0
and (o ~ pg. Furthermore, our results can be ex-
tended to the case where the noise ( appears nonlin-
early in the transitions, as long as it can be reparam-
eterized (Kingma and Welling, 2014)—i.e., the transi-
tions can be written in the form s’ = f(s,(, a), where
¢ ~ p(¢) iid. for some p(¢). We require that f is
Lipschitz in (. Most kinds of noise considered in prac-
tice can be expressed in this form, though it may not
satisfy the Lipschitz condition. Finally, our results can
be extended to handle Martingale difference noise se-
quences by using the Azuma-Hoeffding inequality in
place of the Hoeffding inequality.

3 Policy Gradient Algorithms

We now describe the policy gradient estimation algo-
rithms that we consider.

Model-based policy gradient. When f is known,
we can estimate the policy gradient as

VGJ(H) p(g) [VGJ(9 C”

= Z R(s¢,az).
=0

since a rollout « is determined by 5 In particular, we
have estimator Vy.J(0) ~ Dyp(6), where

Duun(0) =~ 3~ J(6:C9)
i=1

where ¢ ~ p({) iid. for i € [n].

Policy gradient theorem. The policy gradient theo-
rem is formulated for stochastic policies—i.e., mg(a | )
is the probability of taking action a in state s. We as-
sume a distribution p¢(§) of action perturbations that
does not depend on 6—i.e., a; = my(sy) + &, where
& ~ pe(§). Then, we have Tp(a | s) = pe(a — ma(s)).

The following are the modified @) and value functions:
2 (s.0) = B(s,0) + Eyq) [V (F(s.0) + 0]

‘70(75)(8) = Efrg(a\s) |:Q0t (87 a‘):| ;

where %(T)(s) = 0 as before. Then, the following is
the policy gradient theorem (Sutton et al., 2000):

Theorem 3.1. Letting pg(a) be the distribution over
rollouts when using 7g, we have

T
Pe(a) [Z

=0

VoJ(6 (s¢,a:)Vologg(ay | St)] .

The key challenge to using Theorem 3.1 to estimate
VoJ(6) is to estimate Q) (s, a;). The simplest ap-
proach is to estimate it using a single rollout (Williams,
1992):

(T t
§(5,0) = By o [0 (@)]
R T-1

() = Z R(s;,a;).
i=t

A common technique to reduce variance is to normalize
Q((f) (s,a) by subtracting the value function (Schulman
et al.,, 2015b). In particular, the advantage function
A((f)(s, a) = Qét)(s, a)—f/e(t) (s) measures the advantage
of using action a instead of using 7y in state s at time
t. Then, we have

T—1
VoJ(0) = Ep,(a) t a)Vologmg(ar | st)
t=0
Unlike Q , we cannot estimate flét) using a single

V0 (s),

. We assume that our

rollout. One approach is to estimate fq(f)(s) R~
and then estimate flét) using fq(f)

in particular, we consider
=~ DPG (9)

estimate of Ve(t) is exact—
the following estimator VyJ(6)

where ¥ ~ pg(a) i.i.d. for each i € [n].

Remark 3.2. A common approach is to use an esti-
mate Qét)(s,a) of the @ function in place of Qg’)(a).
This approach reduces variance, but may introduce
bias. For instance, for dynamical systems with contin-
uous actions, the deterministic policy gradient (DPG)
algorithm uses this approach Silver et al. (2014). We
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consider the algorithm described above for two rea-
sons. First, our focus is on estimating the policy gradi-
ent, rather than understanding the sample complexity
of @-learning, which is required to analyze DPG. Sec-
ond, it is hard to prove bounds for DPG since it relies
on the derivative of the @ function, which cannot be
bounded without additional assumptions. For exam-
ple, suppose we train a random forest Q((f)(s, a). Even
if this model achieves achieves good accuracy, its gra-
dient would be zero nearly everywhere since this model
is piecewise constant; thus, it would not be useful in
the context of the DPG algorithm.
Finite-difference policy gradient. We can use
finite-differences to estimate Vy.J(0).

Theorem 3.3. For any f : X — R (where X C RY)
where V f is Ly s-Lipschitz continuous, *

k=1

-I/(k) +A

where v*) = 6, (where 6y, is the Kronecker delta), and
A € R satisfies ||A|| < Ly pdA.

We give a proof in Appendix E. Then, the finite dif-
ference approximation of the policy gradient is

de
J(O 4+ A®)) — g — k)
Vol (0) =Y ( )% ( )
k=1

We can estimate J(¢) using samples 5 ~ p(g ), which
yields the estimator Vg J(0) ~ Dpp(¢), where

de 1 S J(0 + Ak ()
2 _ § n i=1 )
Pro(0) = pot [ 2)
Ly J(0 = )

2

where (0 73~ p(C) iid. for k € [m] and
i,j € [n]. Note that we use separate samples (%)
and n®9) to estimate J(0 + Av®)) and J(6 — A\v(9)),
respectively. If we are using a simulator, then we can
reduce variance by using the same samples to estimate
both terms.

Remark 3.4. Typically, rather than choose a fixed
set of basis vectors v, ..., v*®) finite-difference algo-
rithms choose random vectors from a spherically sym-
metric distribution—e.g., v ~ N(0,0%14,) (Spall et al.,
1992; Mania et al., 2018). Our choice of a fixed basis
simplifies our analysis.

1We assume the Lo norm throughout.

4 Main Results

Sample complexity. Recall that the policy gradi-
ent Vg J(6) must be estimated from sampled rollouts
¢ ~ pp(€). Our goal is to understand the tradeoffs
in sample complexity of estimating VyJ(#) between
various different reinforcement learning algorithms.

Definition 4.1. Let X be a random vector, and let
ﬂg?) = n 1Y " 2@ where W . 2™ ~ px(2)
iid. The sample complexity of nx (e, d) of X is the
smallest n € N such that

.....

We are interested in the sample complexity np of
D(¢) — VgJ(0), where D(C) is an estimate of Vg.J(0)
using a single rollout ¢ ~ pg(¢).

Assumptions. We let fyg(s) = f(s,m(s)) and
Ry(s) = R(s,mg(s)). Similarly, for a stochastic pol-
icy mo(s) + & (where € ~ p(€)), we let fo(s,€) =
f(s,m9(s) + &) and Ra(s) = Epg)[R(s,mg(s) + &)].
Next, to ensure convergence, we make regularity as-
sumptions about the dynamics and our control policy;
see Appendix F & G for definitions.

Assumption 4.2. We assume that f, R, 7, fo, fg,
Ry and ]:29 are Lipschitz continuous and are twice con-
tinuously differentiable with Lipschitz continuous first
derivative.

Remark 4.3. This standard assumption is needed
to ensure that we can estimate the gradient using fi-
nite differences. It is somewhat strong—e.g., it rules
out commonly used quadratic rewards. In practice,
the state space is often compact, in which case the
Lipschitz continuity assumption becomes redundant.
However, we cannot handle discontinuous rewards or
dynamics (including piecewise constant rewards). In
these cases, the policy gradient may diverge near the
discontinuities; thus, the sample complexity of esti-
mating this gradient may diverge as well. In principle,
we could handle discontinuities as long as the policy
visits these discontinuities with zero probability.

Finally, for any function h, we let Lj, denote its Lips-
chitz constant and Lj, = max{Lwvp, Ly, 1}.

Assumption 4.4. We assume that p(¢) is o¢-
subgaussian.

This  assumption is required for proving
concentration—e.g., it is typically assumed in
the context of safe reinforcement learning (Akametalu
et al., 2014; Berkenkamp et al., 2017). In practice,
perturbations due to noise are often bounded (which
implies the noise is sub-Gaussian), especially for
our setting of interest—e.g., forces due to wind,
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friction, or slippage have bounded magnituded. We
are interested in settings where o is small.

Definition 4.5. A system is nearly deterministic if
or < 1.

In particular, we are interested in the dependence of
the sample complexity on o¢.

Main theorems. For the model-based policy gradi-
ent, we have:

Theorem 4.6. For d < 1/2, the sample complexity of
Dyp(0) — Vo J(0) satisfies

nMB(e, 5) = O (TSERQE?ZUch/G)

Vnup(e, d) =Q (TE}FG_3JC/E> .

For the policy gradient based on Theorem 3.1:
Theorem 4.7. For the choice p¢(§) =
0, UEIdA), ng(a) -

Vnra(ed) = 0 (TG (Lp+Lp )EfLﬁE£d4/e> :

where d = max{ds,da}, for e sufficiently small—i.e.,
e=Q(T%(Lg + LRQ)LfLﬂL};d‘l), Next,

N(E |
VoJ(0) has sample complexity

npa(e,0) = \[ne (e/L52,0)

Vel = (min { £/, 17107} ).

The first lower bound holds for any pe(§) that is ev-
erywhere differentiable on R and satisfies lime_ 400 € -
pe(§) = 0, where ng¢ is the sample complexity of esti-
mating B, ¢)[§ - Ve logpe(§)] using samples from pe.
The second lower bound holds for pe(€) = N(0,0%),
for any oc € Ry.

We have shown two lower bounds—one for an arbi-
trary distribution pe (in terms of a sample complexity
ne related to pe), and one for the specific choice where
pe is Gaussian (as is the case in our upper bound).
Also, note that our upper bound depends on choos-
ing the action noise to have variance o¢. In principle,
the first lower bound holds even if p; depends on the
problem parameters; however, then ne may depend on
these parameters as well. The second lower bound is
independent of the the action noise ¢, so it holds even
if o¢ depends on the problem parameters.

Remark 4.8. Note that the upper and lower bounds
have a gap on the order of €'/2. We believe that this
gap is due to limitations in our analysis. In particular,
our lower bounds depend on a lower bound on the tail
of the x2 distribution, which has exponential tails. In
contrast, our other lower bounds depend on Gaussian

tails, which are doubly exponential. Intuitively, since
the x2 distribution has a longer tail, it should not have
lower sample complexity.

Remark 4.9. Note that the second lower bound con-
tains a dependence on 6—'/2, which is unusual. How-
ever, this term only has a role if the first term in the
minimum is very large. Furthermore, the first term de-
pends as usual on log(1/d) (which is not shown since
we omit log factors).

Remark 4.10. Actor-critic approaches reduce vari-
ance by using function approximation to obtain lower
variance estimates of the advantage flét) (Schulman
et al., 2015b). However, our lower bounds hold even
if the advantage is known exactly. Thus, while actor-
critic approaches can reduce variance, they do not af-
fect our main insight that these estimates remain noisy
for nearly deterministic dynamical systems.

For the finite-difference policy gradient:

Theorem 4.11. The sample complexity of DFD(@) —
VoJ(0) satisfies

Vnrp(e.9) =0 <T9L2 L ocd’\/do /& )
vnrp(e :Q( 3(T=3) d@/e )

The first bound (i.e., the upper bound) holds for a
choice A = O(e/T‘r’I_/ReI_/;csz). The second bound
(i.e., the lower bound) holds for any A € Ry, € < 1,
and 6 < 1/2,

Note that our upper bound is for the choice A = O(e),
but our lower bound holds for arbitrary A.

Remark 4.12. In an abuse of notation, in Theo-
rem 4.11, we have ignored the fact that ngpp must
always be at least 2dg; in particular, it does not go
to zero as o¢ goes to zero. This discrepancy in The-
orem 4.11 arises because there is an implicit assump-
tion we use when inverting Hoeffding’s inequality that
n > 1—more precisely, Hoeffding’s inequality gives a
bound of the form

(n)

where fiy’ is an estimate of ux = E[X] using n

samples, and § > e—ne’/(20%) Solving for n yields
n > 20%log(1/d)/€*. However, if o = 0, then § is not
well defined, so it does not mean we can get an es-
timate of pux using n = 0 samples; instead, we need
to take n = 1. In our proof of Theorem 4.11, we
apply Hoeffding’s inequality 2dg times (since we esti-
mate the gradient of each component separately), so
we need n > 2dg.

Proof strategy. We give a high-level overview of our
proof strategy, focusing on Theorem 4.6. Our proof
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proceeds in two steps. First, we prove an upper bound
|Drnis(0) — Vo (0)] < AE + B, (1)

where E = T2 ||¢|| and A, B € Ry do not de-
pend on 5 This step uses induction based on the re-
cursive structure of V. Second, we prove Lemma G.7;
we state a simplified version:

Lemma 4.13. Let X be a ox-sub-Gaussian random
vector over R%, and let Y be a random vector over RY
satisfying |Y|| < A|| X || + B, where A, B € Ry.. Then
Y is oy-sub-Gaussian, where oy = O(ond + B).

Combined with (1), we conclude that Dy (0)—VgJ(0)
is sub-Gaussian, from which we can use Hoeffding’s in-
equality (see Lemma G.3) to complete the proof. For
the lower bound, we construct a system where J(6)
is Gaussian. The proof of Theorem 4.7 follows simi-
larly, except we need to use analogous results for sub-
exponential random variables. In particular, we prove
Lemma H.7, an analog of Lemma G.7. The proof of
Theorem 4.11 also follows similarly, but we need to
account for the bias in the finite-difference estimate of
Ve J(6) from Theorem 3.3.

5 Discussion

Dependence on o.. Both nyp and ngp scale linearly
in o¢. Thus, the corresponding algorithms perform
very well when o¢ is small. In contrast, npg does
not become small when o, becomes small. Intuitively,
if p¢ is wide, then the action noise adds uncertainty
to Dpg(0). On the other hand, if pe is narrow, then
Vologmg(a| s) = Vglogpe(a—my(s)) becomes large—
in particular, p¢ must change rapidly for some values
of &, and must have large gradient at such values of &.

A key point is that in the first lower bound for npg
(i.e., for arbitrary pe), even though we do not know its
explicit dependence on €, §, T, and Ly,, we know that
it is completely independent of o¢. Thus, regardless of
how p¢ is chosen (e.g., even if it chosen based on the
problem parameters), the sample complexity does not
become small as o becomes small.

Full determinism (o, = 0). When o, = 0, we have
nyp = 1 (i.e., we only need a single sample to estimate
Vo J(0)) and npp = 2dg (i.e., we need two samples to
estimate the derivative of each parameter, taking A
small enough to get € error). For the case of npg, our
lower bound in Theorem 4.7 still holds—the dynam-
ical system we use to obtain the lower bound has no
noise in the dynamics. In particular, a large number
of samples are still needed to obtain good estimates
(i.e., possibly exponential in T').

Dependence on ¢. Both nyp and npg depend

quadratically on € (ignoring the gap between the upper
and lower bounds for npg). In contrast, ngp depends
quartically on e. This gap arises because according to
Theorem 3.3, the finite-differences error of Dpp(6) (as-
suming there is no noise) depends linearly on A. Thus,
we must choose A = O(€) to obtain error at most e.
If the dynamical system and control policy are both
linear, then this error goes away, so the dependence
on € becomes quadratic.

Dependence on dg. Only ngp depends on dg—
whereas the other two algorithms make use of the fact
that we can compute Vymg, the finite-difference ap-
proximation ignores this ability.

Dependence on T. All of the sample complexities
depend exponentially on 7. As we show in our lower
bounds, this dependence is unavoidable—it arises from
the fact that the dynamics cause the state (and there-
fore the rewards) to grow exponentially large in T. A
common assumption made in prior work is that the re-
wards are bounded uniformly by Ry.x € Ry (Kearns
and Singh, 2002; Kakade et al., 2003). Intuitively, our
results indicate that without stronger assumptions,
Rp.x may be exponentially large. In practice, rewards
for continuous control tasks are often quadratic, and
can indeed be exponentially in magnitude.

An important aspect is that estimation is substan-
tially easier when the current policy is good. In our
bounds, the base of the exponential dependence is al-
ways Ly,. If the initial policy mp provides relatively
stable control, then we may expect that Ly, < 1—i.e.,
the states remain bounded in magnitude. Then, we
have L to = 1, so our bounds no longer depend expo-
nentially on 7. This insight suggests the importance
of good initialization for fast estimation.

Indeed, policy gradient estimators can have high vari-
ance in practice. As an example, consider the cart-pole
problem with continuous action space, with random
initial state and where the reward function is the neg-
ative distance to origin. We empirically estimated that
the MSE of the model-based policy gradient estimator
using n = 1 on a randomly initialized policy for this
benchmark is 3.5 x 107. This error is substantially
reduced when the policy is stable—for a trained cart-
pole policy, we estimate that the MSE of the model-
based policy gradient estimator is just 5.2 x 1072,

6 Experiments

We empirically evaluated the effect of o¢ on the per-
formance of the different algorithms.

Dynamical system. We use the inverted pendu-
lum (Tedrake, 2018) (specifically, using the dynamics
from OpenAl Gym (Brockman et al., 2016)), which
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Figure 1: The cumulative expected reward J(6) as a function of the number of gradient steps i € {1, 2, ..., 1000}.
The black, purple, blue, green, orange, and red curves correspond to o = {1076,1075,107%,1073,1072, 10~ '},
respectively. The z-axis is the number of gradient steps taken (or equivalently, the number of rollouts), and the

y-axis is —J(6).

has state space S = R? (i.e., angle ¥ and angular ve-
locity w) and actions A = R (i.e., applied torque).
Letting f be the (deterministic) pendulum dynamics,
we consider the system s;11 = f(s¢,at) + (¢, where
G~ N(0, O'g) ii.d. We use the rewards

R((W,w),a) = —(wy - (9 — 00)* + wy, - w? + wg - a?),

where ¥y is the angle corresponding to the upright
position, and wy = 1, w, = 107!, and w, = 1072
Our goal is to control the system over a horizon of
T = 50 steps, from a fixed start state so = (¢, 0),
where 9, = 0.05. For the control policy, we used a
neural network my with a single hidden layer with 100
neurons, ReL.U activations, and linear outputs. As
usual, we randomly initialize the weights; to reduce
variance, we initialized the policy to have a reasonably
high reward by running our model-based algorithm un-
til J(6) > —100.

Algorithms. We use stochastic gradient descent in
conjunction with each of the three estimation algo-
rithms. On each gradient step, we use a single sample
to estimate the gradient, and we take 1000 gradient
steps. We modify the finite-difference algorithm to
use a single random sample v ~ Uniform(S9e~1) (i.e.,
the uniform distribution on the unit sphere in R,
rather than summing over the dg basis vectors v(%).
This choice may improve the dependence of the sam-
ple complexity on dg; however, it should not affect
dependence on o, which is our parameter of interest.

For the algorithm based on the policy gradient theo-
rem, we use action noise £ ~ N(0,0¢14,). For each
choice of o¢, we used cross-validation to identify the
optimal hyperparameters: the learning rate v (for all
algorithms), the parameter A (for the finite-differences
algorithm), and the action noise o¢ (for the algorithm
based on the policy gradient theorem).

Results. Average the results of each algorithm
over 20 runs; the algorithms have very high vari-
ance, so we discard runs that do not converge. In

Figure 1, we show the learning curves for o €
{107%,1075,107%,1073,1072,10~ !} (i.e., J() as a
function of the number of gradient steps). The darker
colors correspond to smaller noise. We show enlarged
versions of these plots in Appendix I.

Note that unlike the other two algorithms, the finite-
difference algorithm actually uses 2000 sampled roll-
outs (since it uses two per gradient step). However,
this detail does not affect our insights regarding the
relative convergence rate of different algorithms for dif-
ferent o¢.

Our key finding is that the learning curves for the
model-based and finite-differences are ordered based
on the choice of o¢c—i.e., the curves tend to converge
more quickly for smaller choices of o.. This effect is
most apparent in the curves for the finite-differences
algorithms, where curves for smaller o (black and
blue) converge much faster than those for larger o,
(red and orange). In contrast, the learning curves
for the policy gradient based algorithm do not have
strong dependence on o¢. For example, the fastest
curve to converge (at least initially) for the policy gra-
dient based algorithm is for our second-largest choice
o¢ = 1072 (orange), whereas the slowest to converge
is for o, = 107 (blue). These results mirror our the-
oretical insights.

Finally, as expected, the model-based algorithm con-
verges most quickly, followed by the finite-differences
and policy gradient theorem based algorithms.

7 Conclusion

We have analyzed the sample complexity of algorithms
for estimating the policy gradient for nearly determin-
istic dynamical systems. Future work includes lever-
aging these results in safe reinforcement learning algo-
rithms, and understanding the sample complexity of
optimizing J(6).
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A Proof of Theorem 4.6

Preliminaries. Note that the expected cumulative reward is equivalent to

J(0) = V" (s0)
ViO(s) = Rols) + Epio) [V (o) +0] (W€ (0,1, 7~ 1))
v (s)=0

and the expected model-based policy gradient is

Vo (0) = VoVy” (s0)
VoVs" () = VoRa(s) + Epe) [VaVy™ (fals) + Q) + VoV (fals) + O Vao(s)
VoVy? () = VaRa(s) + Epe) [V (fols) + OV, fals)]
VoVy " (s) = VoV (s) = 0.

—

Similarly, given a sample 5 ~ p(¢), the stochastic approximation of the expected cumulative reward is

J(0:C) =V (505 C)
= Ro(s) + VI (fols) + ¢ O) (vt e {0,1,..,T —1})

Ve (0;0) = VoV, (505 )
VoVy(5:0) = VoRo(s) + VoV ™ (fols) + ¢ Q) + Vi ™V (fo(s) + G OV fo (s)
VVy " (5:C) = VaRg(s) + VsV ™ (fals) + G OV fols)
VoV V(s:0) = v,V (s:0) =0

Bounding the deviation of Vg%(t) from Vé?Ve(t). We claim that for ¢ € {0, 1, ..., T}, we have

V6V, (5;0) — VoV (s)]| < BS(O)

— —

IV V0 (s:0) — vV (s)] < BH(O)

for all 8 € © and s € S, where

B{(Q) = Z BI(E) + LSV (L, + D(IG] + 0c/ds)

’ﬂ@
,_.w

BOQ) = 3 LG LE (1G] + 0c/ds)

1=t

—

500 =B =0
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where L(Vt)v is a Lipschitz constant for VVe(t). The base case ¢ = T follows trivially. Note that o¢v/dg >

EpolllC?] = Epey[lICNl]. Then, for ¢t € {0,1,...,T — 1}, we have

—

19675 (5:0) = VoV @Il < |Vl (fals) + ) = Eyiey [VoVs ™ ols) + ) |

Vg (a() + 6 ) ~ Baey [VaV (o) + )|

< | VoV I (ols) + GO = VoV (fols) + 1)
By [[| Vs (Sl + ) = VoV Y (hals) + 0|

VU (fals) + GO = VoV (fals) + 6|

+ LBy [||VsVa TV als) + ) = VoVl (fuls) + 0]

<BI) + LEV (N6 + ocv/ds) + L, BYTV () + Ly, LSSV (1G] + 0¢v/ds)
=B + L, BV () + LTV (L, + 1)(IG]] + 0c1/ds)

—

=By ().

+Lf9

+Lf9

Similarly, we have

—

19.V5 (5:0) = Vo Vg ()]l <Ly, || VT3V (ols) + 6 8) = By [TV fols) + 0|
VoV fals) + 6 Q) = TV (o) + )

+ LiEyq) |||V o)+ 6) = TV (o) + 0]
<Ly, (B + L (1G] + ocVds))

=

=B{"({).

<Ly,

The claim follows.
Bounding the deviation of ng from VyJ. We claim that
IV6J (6;0) = VoJ (0)]| < 13277 L, L] (E + 0¢c\/ds),
where £ = T~1 E " [|¢;]|. To this end, letting Lyy = arg max,co1,.. 73 L V)V, note that

B < TLovLE Y(E + 0¢\/ds)

for t € {1,2,...,T}, so

T—1
IVeJ (6:0) = Vo (0)]| < B (Q) = 3" Ly, BYTV(O) + Lov (L, + 1D)(IGH] + 0¢/ds)

< TQLVVEZC; (E +o¢v dS) + Tva(Lfe + 1)(E +ocv ds)
< 3T2vaf/?g (E+oc\/ds)
< 13277 Lg, L (E + oc\/ds),

where the last step follows from our bound on L( ) in Lemma D.2.
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Upper bound on sample complexity of VyJ — VyJ. Note that E < ||5||1, where we think of ¢ as the
length T'dg concatenation of the vectors (o, (1, ..., (7—1, so ¢ is o¢-sub-Gaussian. We apply Lemma G.7 with

—

Y = Vo J(0;C) — Vo J(0)
X=FE

T 75T
A=132T"Lg, L]

B= AO’C\/%.

Thus, Y is omp-sub-Gaussian, where
OMB — max{lOAUCTdS log(TdS)7 5A0< vV ds}
= 10AO’<TdS IOg(Tds)
< 13207°Lg, L} 0¢cdglog(Tds).

Thus, by Lemma G.6, the sample complexity of ng(@) — VoJ(0) is

ompy/ 2log(2ds/6)

€
o <T8LRGL§0Ta<dS log(T) log(dg)3/2 log(1/8)*/2 )

’nMB(G, 5) =

€
The claim follows.

Lower bound on sample complexity of VyJ — V,J. Consider a linear dynamical system with S = A = R,
time-invariant deterministic transitions f(s,a) = 8s + a (where 5 € R), time-varying noise

pt(C) = {N(C ‘ 0702) ift=0

4(0) otherwise,

where o, € R, initial state so = 0, time-varying rewards

ift=T-1
Ri(s,a) = { e

0 otherwise,

control policy class my(s) = 0s, and current parameters § = 0. Note that

_J0 ift=20

" {(5 +6)!=1¢  otherwise,
where ¢ = (p is the noise on the first step. Thus, we have

J(0:0) =571 = (B+0)7%C,
SO

Vo (6;:¢) = (T = 2)(B+6)" ¢,
Also, note that

Ve J (0) = Ep)[Vo I (05€)] = Epo) [(T = 2)(B+6)" ] = 0.

Next, note that for n i.i.d. samples ¢, ..., (™ ~ N(0, Z), we have

> 71 - T-3 oME
Dui(0) ~ Vo (0 *EZT 2)87 ¢ (o,n,



Osbert Bastani

where
OMB = o?(T —2)232(T=3),
Thus, by Lemma G.8, for
_ o (log (y/5=) +log(1/4))

€2 ’

we have
- € —ne?/o?
Pr [\DMB(O) —VeJ(0)] > e} =Pr, n0,02,/m 2] = €] = \/% ceTme/oue > 6,

Thus, the sample complexity of Dyp(0) — VgJ(0) satisfies

ol(T - 2)2B%T=3) . (log (/=) + log(1/6)) .

2

nus (€, 0) >
€

Note that the numerator is positive as long as 6 < 1/2. The claim follows, as does the theorem statement. [

B Proof of Theorem 4.7

Preliminaries. Recall the form of the policy gradient based on Theorem 3.1:

T—1
Vo (0) =Epp0) | Y AY ()Velog To(ar | st)

t=0

where, for ¢ € {0,1,...,T — 1}, we have

where

The stochastic approximation of VyJ () for a single sampled rollout a ~ p(«) is

ﬂ

Dpg(6;a) = At ()Vglogmg(ar | st).

w
i
=

Bounding Qét) — Ve(t). We claim that

108 (¢) — V3 (o)l <BD(Q),

where
T—1
BY(C) = > (Lr+ LUV L) (&l + ocvVd) + LD (16 + o V),
1=t

where Lg) is a Lipschitz constant for f/(,(t). We prove by induction. The base case ¢ = T is trivial. Note
that ooV > /B0l = Eyo[C]], and similarly ocvd > /By [1€]2] > By o[l Then, for ¢ €
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{0,1,...,T — 1} we have
1Q57(©) = Vs (s)| <Epeey LI R(st, mo(s0) + &) — R(se, mo(s4) + E)Il]
+ Q5 () = Vi (s
+ Epeerpo) 176"V (e malse) + )+ G) = Vit (f (s, mo(s1) +€) + Q)]
<Lr(l&]l + ocVd) + BV () + LYV (|G| + oevd) + LYV Ly (||| + ocVd)
:B(t)(C)~
The claim follows.

Bounding log7(a | s). We claim that

- Ln
IVologmo(a | s)ll < —5 - [I€]],

o2
¢
where € = a — mg(s). Recall that pe(€) = N(0, 0¢la,). Thus, we have
I”.

- 1 1
log 7g(a | s) = logpe(a — mo(s)) = log N (a — ma(s) | O,agIdA) =-3 10g(27rag) 5.7 lla — mo(s)
¢

Thus, we have

- 1 1 L,
IVologg(a|s)l =5 5 - [Vella = ma(s) 11| = pol [Vema(s) " (a —ma(s))|| < =5 - lI€]l,
9¢ 9¢ 9¢
as claimed.
Bounding the deviation of Dpg from VyJ. We claim that
X o E+ E+20:\/d
1Dpc (6:C) ~ Vo ()] < 3T*(Li + Ly, ) Ly LoL% d- <4d ¥ U<> 7
¢

ry LY B =T |G, and B =T S35 [l€. First, note that

.....

where Ly = argmax;c
1057(©) = Vsl < T (L + Ly L) (E + 0cVad) + Ly (B + 0cVd) )
<373%(Lg+ LRG)Lngl(E + E +20:Vd),

®

where the last step follows from the bound on LV in Lemma D.3. Then, we have

T-1

ST(@QY () = Vi (s1) Vo log Folar | 1)

0

| Dpc(6;€)| =

o~
Il

=
L

105(¢) = Vi (so)ll - | Vo log Talar | 50)]

(]

-
Il
=)

T—1
o - Ly
< 33Tl + L )LgLE (B + E+ 20Vd) - 75 - e
t=0 ¢
. ~  —r (E+E+20VAE
=3T (LR+LR9)LfL7rLf9 . U?
Furthermore, we have
IV T (O)II < Epy ()1 Dp (6; O]
(E + E +20Vd)E

4 T 7T
< Epy(¢) [3T*(Lr + Ly, ) Ly L LT, - .

=12T*(Lg + LRG)EfLWE;CGd,
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where we have used the fact that E [E] = T S BpenlGl] < o¢Vd, and similarly Epe¢)lE] =

T-1 Z?:Bl Epe(6)lIe]l] < o¢v/d. Therefore, we have

) ) _ E+FE+20:V/d)E
1Doc(6:¢) = VoI O)]] < |1Dec (6O + VT )] < 3T*(Li+ Ly, )LrLnL%d- <4d+( 20¢vd) )

¢

as claimed.

Upper bound on the sample complexity of Dpc —VpJ. We have E/ = (E—i—E—i—QUC\/ﬁ)E < |l¢ll1, where
we think of ¢ as the T?%(d4 + ds + 1)da values & ;& i, & i, and 204\/&}/@/, for all t,¢' € {0,1,....,T — 1},

i,7" € [da], and j € [dg]. Since & and (; are o.-sub-Gaussian for each ¢ € T, by Lemma H.6, ¢ is (7,b)-sub-
exponential, where 7,b = O(dag). Thus, we can apply Lemma H.7 with

Y = Dpc(6;¢) — Vo J (0)

X =F
4 N T TT
. 3T (LR+LR9)LfLwa6d
2
9¢
B =0.

Thus, Y is (7pg, bpg )-sub-exponential, where
Tp6, bpc = O(A(r + b)dlogd + B) = O (TG(LR + L, )Ly L LT d* log(Td)> .

Thus, by Lemma G.6, the sample complexity of Dpg (0) — VoJ(0) is

Jrraled) = PaV2108(2TdA/0)

€
(TG(LR + L RB)@L,,EE d*log(T) log(d)3/? 1og(1/5)1/2>
= O 5

€

for all e < dTI%G /bpg. The claim follows.

Lower bound on the sample complexity of Dpg — VgJ. Consider a linear dynamical system with S =
A =R, time-varying deterministic transitions

fi(s,a) = {5(5+a) ifs=0

Bs otherwise,

zero noise p;(¢) = 0(0) (i.e., o = 0), initial state so = 0, time-varying rewards

Ri(s,a) s ift=T-1
s,a) =
‘ 0 otherwise,

control policy class mg(s) = 6, current parameters § = 0, and action noise pe. Note that
ar = 0 + T§£t7

where & ~ pe(€) i1.d., so

0 ift=0
S+ =
! B0 + 1¢€)  otherwise,
where £ = & is the action noise on the first step. Note that

QP (€) = BT2(0 + 7€),
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and
f/(t)(s) _ Epg(é)[ﬂT72(S+9+T£§)] =0 ift=0
o pr—t=25 otherwise.
In particular, note that
T—2 :
3O ey 7O (s) 4P O+ TeE) ift=0
@’ (&) 0 (s0) {0 otherwise.

Also, note that Vg J(0) = 872, Therefore, we have

\V4 a—0

- a—10 £p£< T ) 1 a—0

Vglogw(as)=Vglogp§< - )— ie ——T—-Vglogpg (T)
) ) T

Thus, for i.i.d. samples £, ..., () ~ pe(€), we have

%zn: (Q((;)(g(i)) 0 (sii))) . (_W log #(al” | sti))) g

i=1

1 — _ i 1 g -
*ZBT 27_55( ). < - Ve 1ogp§(§( ))) —-pr?
"4 K

Dpc(0) — VpJ(0) =

I :
- () . ()
1+nZ§ Ve logpe(€ )] .

i=1

_ _BT—Q

Note that for pe(§) satisfying our conditions (differentiable on R and satisfying lime 100 & - pe(§) = 0), we have

Epe ()€ - Velogpe(6)] Z/_ §-Vepe(§)ds = —/_ pe(€)de = —1, (2)

where the second-to-last step follows from integration by parts. Thus, by the definition of the sample complexity,

n

1 , .
- Zg(z) Ve 1ng£(§(2)) +1

n <
i=1

Pr 26‘|>(5

for any n < ng(e, 6), so we have
n

1 ) .
- 25(1) Ve 1ng§(€(l)) +1

i=1

> ﬁT_QG] > 4.

Pr || Dpc(0) — Vo J(0)] > e} — Pr |72

for any n < ng¢(e/B72,5). Thus, we have
npg(€,0) > ng(e/ﬁT_Q,(S).

Next, consider the case where pe(§) = N (€ | 0,02), for any o € R;. Then, we have

2
Velogpe(§) = Ve (—log\/ﬂ— |2i|2> — _%7

SO
n

S Z@“))ﬂ =g

=1

Dpc(0) — Vg (0) = g72
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where 2 ~ N(0,1) are i.i.d. standard Gaussian random variables for i € [n]. By Lemma H.8, letting x =
n~t3 (29)2 (so py = Ep(z) = 1), for

R { 2872 (L1og(1/6) + log(1/€2v/2)) 1}
—_ 76 b

€

we have

1 1 ___ne _
> . e 212 > /5.5 =4.

Pr [ﬁp(}(O) — V@J(O) > 6} = Pl"p(m) |:.’L‘ > e + 6;2:| > \/ﬁ 62\/5

Thus, the sample complexity of Dpg — VgJ (0) satisfies

2672 (1 1og(1/8) + log(1/€2/2)) 1}
b) (5 .

€

npg(€,0) > min{
Note that the numerator is positive as long as 6 < 1/12. The claim follows, as does the theorem statement. [

C Proof of Theorem 4.11

Preliminaries. Note that the expected cumulative reward is equivalent to

(
V() = Ro(s) + Byey [Vi V(o) + Q)] (e {0,1,..,7 = 1})
(

l

The finite difference approximation of Vy.J(#) is

S JO+ W) — g0 - wh) 8

Dyp(0) = o )

k=1

where v(*) is a basis vector for k € [d] and de is the dimension of the parameter space © = R%. Finally, an
estimate of the finite difference approximation for two samples ¢,n ~ p(() is

i J(0+2w®:0) = J(O - Wi )

Dyp(6;C,7) = o ,

k=1

where J(6; () is as defined in the proof of Theorem 4.6.

Bounding the deviation of Ve(t) from Ve(t). We claim that for ¢t € {0,1,...,T}, we have

— —

1V, (s:0) = V2 (s)|l < BO(O)

for all 6 € ©® and s € S, where

(t) Z (H—l) (Gl + o¢ [d),
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where LS) is a Lipschitz constant for V(,(t). The base case t = T follows trivially. Note that ocv/da >

VEollICTP] = Ep)[lI¢I]. Then, for ¢ € {0,1,...,T — 1}, we have
157 5:8) = Ve () = | V60 o 5) + 6 0) = By [Vo™ (o) + 0|
<V (fols) + 6O = Vi TV (fols) + Q)
+Epo) [IVe D Uos) + ) = Vi (fals) + Ol

—

<BED )+ LYV (1G] + ocv/da)
=B ({).

The claim follows.

Bounding the deviation of Dgp from Dpp. Let
Den(0)E ) ) [Drp (6)]-

Then, letting Lyy = argmax,co1,... 7} L(Vt)v, note that

T—-1
1705 C) — J(0)[| < BO) = S LETV(IGill + 0¢/da) < 3T3Li, LY, (E + 0¢\/da),
1=0

where E =T~ 37" [[¢;]|. Thus, we have

—

JO+ w00~ JO - wWii) g SO ) —I0 -2 g
2\ 2

|1 Drp (6; ¢, n)k — Drp(0)5]| =

IO+ 2w B0 — TO+ W)+ (170 — wBif) — J (0~ AP
- 2X
< 3T3LR€E}; (E + E + 20'C\/ dA)
- 2
for k € [de], where E = T~* ZZ:OI [172¢]]-

Upper bound on the sample complexity of Dgp — Drp. Note that E+ E < IE'||1, where E' = fo 7 is
the length 27'ds concatenation of the vectors o, (1, ..., (r—1, 70, M1, ---s =1, S0 E’ is o¢-sub-Gaussian. We apply
Lemma G.7 with

Y = Dep(6;, )i — Drp(0)

X=F
3T°Lg, L7,
A
B = Aag\/a.

Thus, Y is opp-sub-Gaussian, where
opp = max{10Ac(2T'd4)log(2Td ), 5A0:1/da)}
= QOAO'CTdA log(TdA)
- 6OT4LRQI_/};UCdA log(Tda)
- A
Thus, by Lemma G.6, for k € [dg], the sample complexity of ﬁFD(G)k — Dpp(0)y is

—  owpy/2log(2d4/d)

ﬁFD(e,CS) = z

0 <T4LR0 L% o¢dalog(T)log(da)/? log(1 /5‘)1/2)

AE
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Upper bound on the sample complexity of ﬁFD —VyJ(0). By Theorem 3.3, we have
VoJ(0) = Drp(0) + A,
where
|A|l € Ly jdaX < 44T°Lg, L3 da),

where the second inequality follows from the fact that Ly = L(voz/ and the bound on L(VO%, in Lemma D.2. Now,

taking
€
A —
88T5Lp, L‘]%;FdA
€
2v/de
)

do’

™
|

S
Il

then with probability 1 — J§, we have
1Den(0) = Vo (0)| < [ Den(0) — Den(9) + Al < e,
so the sample complexity of Dpp(8) — VoJ(0) is

ViEn(6,8) = = 0 (T%i?{ 0 @ v/e log(T) log(d.)*/* log(do) 1og<1/5>1/2>

2
The claim follows.

Lower bound on the sample complexity of Dpp — VoJ (). Consider a linear dynamical system with
S =R? A =R, time-varying deterministic transitions

B(s,s" +a) ifs=0

B(s, s") otherwise,

ft((svsl)’a) = {

time-varying noise

N(C0,02) ift=0
4(0) otherwise,

pt((CvO)) = {

where o¢ € R, initial state so = (0,0), time-varying rewards

s+o(s) ift=T-1

0 otherwise,

Ri((s,8"),a) = {

where ¢ : R — R is defined by

20—1 ifz>1
o(x) = < 22 if —1<z<1
204+ 1 ifx < —1,
control policy class my((s,s’)) = 6, and current parameters 6 = 0. Note that technically, R is not twice continu-
ously differentiable, so it does not satisfy Assumption 4.2. However, the only place in the proof of Theorem 4.11

where we need this assumption is to apply Lemma F.2 in Lemma D.2. By the discussion in the proof of
Lemma F.2, the lemma still applies, so our theorems still apply to this dynamical system. Now, we have

0 ift=20
S+ =
k B=1(¢,0) otherwise,
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where ( = (p is the noise on the first step. Thus, we have
J(0:¢) = sr1 + sy = BT+ 0(877%0).
Also, note that
Vo (0) = Ey)[Vo (0:0)] = ¢'(87720) - 572,
so Vg J(0) = 0, since ¢/(0) = 0.
Next, note that for 2n i.i.d. samples ¢, ..., ¢, M . 5™ ~ N(0, aZ), we have

bFD(O)_VQJ(O):Ql)\ [12(?)\(( ZJ (=Xt ]

[ﬂT 2¢(0) 6T72n(i)} +i

o5 (057720 = (=BT 2N)].

Letting (") = —n() for i € [n], and using the fact that ¢(—z) = —¢(z), we have
Dyp(0) = VoI (0 ZﬁT 20 4S8N ~ N (e, 2.
2/\n n

where

pep = #(B72N)

T—2JC
OFD — )\ .

Thus, by Lemma G.8, for

o%p (log (\/%) + log(l/S))

2 9

n <
€

and recalling that Dyp(0) = Ep, (o) [Dep (0; )] = prp, we have

~ . " e —ne2 /o2 ~
Pr | Dep (0) — Dpp(0) > e} = Pryn(ooz, mllzl > > /% e /oEn S 5,
Thus, the sample complexity of Dp(0) — Dpp(0) satisfies

o%p <log (\/%) + log(1/5)>

€2

fiFp(€,0) >
Now, recall that VyJ(0) = 0, so

Pr [ Dpp(0) — V7 (0) > e] — Pr [bFD(O) > e] — Pr [DFD(O) — Dpp(0) > e — uFD} .

Thus, using our assumption § < 1/2, then we need to have upp < € for Pr {ZA)FD(O) —VeJ(0) > e] < 6 to hold.
As a consequence, using our assumption € < 1, we must have

€= ppp = ¢(BT2N) = TN,

where the last step follows since 0 < ¢(8772)\) < 1 implies ¢(x) = 2. Thus, we have A\ < , / 55—, so we have

B
OFD > ﬁ4(T_2)Jg/€. Finally, we have

Pr [ Dep (0) — VoJ(0)) > e] > Pr [DFD(O) — Dpp(0) > e} :
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so the sample complexity of Dpp(0) — VyJ(0) satisfies

opp(T —2)°527 - (log (\/55) +log(1/6))
(T —2)°8°" 3 - (10g (log(1/9) + v/57))

= o

nrp (€, 6) > fipp(€,6) >

Finally, for any deo € N, we can consider dg independent copies of this dynamical system. Then, estimating the
gradient Vg.J(6) is equivalent to estimating 4" (0) for each i € [dg]. Thus, we have

(T = 2% 9otde - (log (log(1/9) + /5))

nrp(€,0) > fpp(€,6) > 1

€

The claim follows, as does the theorem statement. [

D Bounds on Lipschitz Constants

We prove bounds on the Lipschitz constants Lg) for Ve(t), L(Vt)v for VVe(t), and Lgﬁ) for ‘N/a(t). We use implicitly
use the commonly known results in Appendix F throughout these proofs.

Lemma D.1. We claim that fort € {0,1,...,T}, Ve(t) 18 Lg)-LipschitZ, where

(t) FT—t—1
Ly, §3T2LReLfB =1

Proof. First, we show that Ve(t) is LS’)Q-Lipschitz in 6 and Lg)) Lipschitz in s, where

~

T-1
t i+1
Ly = > (L, + Ly, LESY)

i=t

T-1
® _ i—t
LV73 - Z sze Lpy,

i=t
We prove by induction. The base case t = T is trivial. Then, for ¢ € {0,1,...,7 — 1}, note that Vo(t) is
(Lgy)g)’—Lipschitz in 6, where

t t+1 t+1 t
(Lﬁ/,)e)' =Lg, + L%/,e )+ LfeLg/,s )= Lg/,)e-
Similarly, note that Ve(t) is (Lg’)s)’ -Lipschitz in s, where
(Lg,)s)/ = Lg, + LfeLg.jl) = Lg,)w
as was to be shown. Finally, note that
LY, < TLg, L7771,
S0
L\, <T(Lg, + Ly, - TLg, L5 '72) < 2T%Lp, LT

Thus, VG(T) is (LS))’ -Lipschitz, where

=
<=
IN
h
==
)
_|_
h
5=
IN

FT—t—1 _ 7 (t)
3T2LR9Lf9 ==y

The claim follows. O
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Lemma D.2. We claim that fort € {0,1,...,T}, VVg(t) 18 L(Vt)V-Lipschitz, where

(T—t—1)
. )

LY, = 44T°Lg, L}

Proof. First, we show that Vg%(t) is L(Vt)Vﬂ’e—Lipschitz in  and L(Vt)vﬂ,s—Lipschitz in s, and that VSVQ(t) is

L(Vt)v’e’s-Lipschitz in 6 and L(Vt)us,s-Lipschitz in s, where

T—1
¢ it+1 it1 i1
L(v)v,a,e =Y (Lvr, + 2LfeL(vv,9),s + LQQL(VV,S),S + Loy, L§T)
1=t
T-1
t i— i+1 1+1
L(V)V,G,s = Z Lfgt(LVRG + L?BL(V‘/?S),S + vasL§/ ))
i=t
T—1
t 2(i—t i+l
LY., = > L3 (Lyg, + Lvs, LVTY)
1=t
(T) _ (M _ (™ _
Lgyvge=Lyvgs=Lyyss=0

We prove by induction. The base case t = T is trivial. First, for ¢ € {0,1,...,7 — 1}, note that nga(t) is

(L(Vt)ve o)'-Lipschitz in 6, where
t t+1 t+1 t4+1 t+1 t+1 t
(L(v)v,e,o)/ =Lvr, + L(vv,e),e + LfeL(vv,e),s + Ly, (L(vv,a),s + LfeL(vv,s),s) + LerL§/ ) = L(v)v,ae'
Second, note that VgVe(t) is (L(Vt)veys)’—Lipschitz in s, where
t t4+1 t+1 t4+1 t
(L(V)V,H,s)/ = LVRS + LfBL(VV,O),s + LzeL(VKs),s + LVfBL§/ ) = L(V)V,O,s'
Third, note that VSVG(t) is (L(Vt)v’sﬁ)’—Lipschitz in 6, where
¢ t+1 t+1 t+1 t
(Lv,0) = Lyre + Lgy Loy + La Loy ) + Lo, Ly = LGy, .
Fourth, note that Vs‘/:g(t) is (L(Vt)v’sys)’—Lipschitz in s, where
(Ly,e) = Lyn, + L3, Loy + Loy, Ly = LGy .
as was to be shown. Finally, note that

LYy, <TLN" "D (Lg, + Lyy, -37°Lg, LT %) < 4T%Lp, LY,

SO
) FT—t— = =3(T—t—2) =Tt = F4(T—t—1)

Loy, <TL; " '(Lyr, + L}, - 4T°Lg, Ly, + Lyy, - 3T Lg, L}, ""%) <8T*Lg, L},
SO

LY, 59 < T(Lyr, +2Ls, - 8T L, L} "% + L2 - 4T3Lp, L") + Lyy, - 3T%L, LT72)

= A(T—t-1
< 24T°Lg, L} ).
Thus, VVB(t) is (L(Vt)v)’—Lipschitz7 where
(L(Vt)v)/ =Lyvee+2Lvves+ Lvyvss < 44T5ERGE;£T_I€_1) = L(vt)v

The claim follows.

Lemma D.3. We claim that fort € {0,1,...,T}, f/e(t) 18 Lg) -Lipschitz, where

) _ q27 _ FT—-t—-1
L\"/ =3T LReLfB .

Proof. Note that f/o(t) is exactly equal to Ve(t) with Ry replaced with Ry and fo replaced with fg. Thus, the

claim follows by the same argument as for Lemma D.1.

O
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E Proof of Theorem 3.3

Theorem E.1. (Taylor’s theorem) Let f : R — R be an everywhere differentiable function with L -Lipschitz
derivative. Then, for any x,e € R, we have

flx+e)=f(z)+ f(z) e+ A,
where

2
Al < Lre
2

Proof. The claim follows from Theorem 5.15 in Rudin et al. (1976), together with Lemma F.2, which implies
that | f”(x)| < Ly for all z € R. O

Now, we prove Theorem 3.3. By Taylor’s theorem, we have
fl@+p) = f@) +(Vf(2), m) + Aw),
where
1 2
1AW < SLogllul™
Thus, we have

flz+ X ®)) — f(z— k) ®)

M=

P 2A
d
-3 (f (@) + (Vf(2), w®) + AQw®)) — (f(z) = (VF(2), W) + A= ) L(0)
2\
k=1
d
AR — A(= k)
= (k)y . (k) . (k)
(V£(), ) ) + . v
k=1
d d
AR — A(= k)
_ k k)T k
=Y () V) + Y - o
k=1 k=1
d (B)) — A(=Av®)
k=1
Therefore, we have
d
A= ; ) -\
SO
d
AR — A(= k) , 1
Ial= 3 - v < SLoph )P < Ly g,

as claimed. [

F Technical Lemmas (Lipschitz Constants)

We define Lipschitz continuity (for the Ls norm), and prove a number of standard results.
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Definition F.1. A function f : X — Y (where X C R% and Y C Rd/) is Ly-Lipschitz continuous if for all
r,x' € X,

1f (@) = f@)] < Lylle — 2| (3)

If X is a space of matrices or tensors, we assume x and 2’ are unrolled into vectors. in (3).
Lemma F.2. If f : X — Y is Ly-Lipschitz and continuously differentiable, then for all x € X,
V(@) < Ly
Proof. Note that
flx+e) - fx)

Vi@ = M T
SO
I f@te) = f(o)] . Lyllell
”vf(x)”WlﬁIEo [lell = a0 el — "

as claimed. Note that the result holds even if each component f; is continuously differentiable except on a finite set
X. In particular, for each point x € X, we can use the standard definition (V f(z)); = (f; , (¥)+f] _(z))/2, where

i+ () is the right derivative and f/ () is the left deriviative. Letting (V4 f(x)); = f] . (z) and (V_f(x)); =
fi _(x), then Vf(z) = (Vy f(z) + V_f(x))/2. Then, we have

Vi f@)| + V- f (=)
2

IVf(@)] < <Ly,

as claimed. O

Lemma F.3. If f,g: X = Y are Ly- and Ly-Lipschitz, respectively, then h(z) = f(x) + g(z) is Ly-Lipschitz,
where Ly, = Ly + Lg.

Proof. Note that

[h(z) = h(2)|| < [If(x) = f@)]l + lg(x) = g(@)|| < (Ly + Lg)|lz — || = Lpllz — 2",
as claimed. O

Lemma F.4. If f,g : X — Y where f is Ly-Lipschitz and bounded by My (i.e., |f(z)| < My for allx € X),
and g is Lg-Lipschitz and bounded by My. Then h(z) = f(x)- g(x) is Ly-Lipschitz, where Ly = MgLy + M¢Lg.

Proof. Note that

1h(z) = h(@")I| < I(f () = f(2")g@)l| + II(g(z) = g(a)) f ()]
< MyLy|lz — @'l + My Lglw — /||
= Lp|lz — 2’|,

as claimed. 0

Lemma F.5. If f : X — Y is Ly-Lipschitz and g : Y — Z is Ly-Lipschitz, then h(x) = g(f(x)) is Ly,-Lipschitz,
where Ly, = LyLy.

Proof. Note that

lg(f (@) = g(f @I < Lol f (@) = f(@)| < LoLyllz — 2'|| < Lallx — 2],

as claimed. O
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Lemma F.6. Let f : X xY — Z be Ly ,-Lipschitz in X (for ally € ¥) and Ly, -Lipschitz in Y (for all x € X ).
Then, f is Ly-Lipschitz in X x Y, where Ly = Ly + Ly .

Proof. Note that
||f(:v,y) - f(xl7yl)|| < ||f(w,y) - f(x/7y)H + ||f(m’,y) - f($/>yl)H
< Lpgllz =2’ + Leylly — ¥l
< Lyal(@,y) = (@9 + Lyyll(z,y) — @3]l

< (Lpa + Ly, y) — (9]
= Lyll(z,y) — ("9,

as claimed. ]

Lemma F.7. Let f : X — Y be Ly-Lipschitz, and g : X — Z be Ly-Lipchitz. Then, h(z) = (f(z),g(x)) is
Ly-Lipschitz, where Ly, = Ly + L.

Proof. Note that

[h(2) = h(z")]| < [I(f(2) = f(z"), 9(x) = g())]]

dy dz

= \ Z(fz(x) — fi(@))? + Z(gz(w) — gi(2'))?
i1 j=1
dy dz

< Z(fi(ﬂf) — fi(@))? + 4 (9i(x) — gi(z"))?

= [If(z) = f@")] + llg(z) — g(2")]

< Lyllz = 2| + Lgllz — |

< (Ly + Ly)llz — 2|

= Lulla -]

as claimed. 0

Lemma F.8. Let f: X x Z — ) be Ly-Lipschitz. Then, g(x) = Ep.)[f(z, 2)] (where p(z) is a distribution over
Z) is Lg-Lipschitz, where Ly = L.

Proof. Note that

lg(x) = 9@l < Epee) Il £ (2, 2) = f(&, 2] < Lglle — 2’| = Lyl — 2|,

as claimed. ]

G Technical Lemmas (Sub-Gaussian Random Variables)

We define sub-Gaussian random variables, and prove a number of standard results. We also prove Lemma G.7,
a key lemma that enables us to infer a sub-Gaussian constant for a random variable bounded Y in norm by a
sub-Gaussian random variable X, i.e., ||Y]| < A||X]||1 + B (where || - || is the Ly norm). This lemma is a key step
in the proofs of our upper bounds for the model-based and finite-difference policy gradient estimators. Finally,
we also prove Lemma G.8, which is a key step in the proof of our lower bounds.

Definition G.1. A random variable X over R is ox-sub-Gaussian if E[X] = 0, and for all ¢ € R, we have
E[etX] < e”§t2/2.

Lemma G.2. If a random variable X over R is ox -sub-Gaussian, then E[|X|?] < o%.

Proof. See Stromberg (1994). O
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Lemma G.3. (Hoeffding’s inequality) Let a1, ..., 2, ~ px(x) be i.i.d. ox-sub-Gaussian random variables over
R. Then,

_ ne2

Pr Ze] <2 2%,

n
1
2
n-
i=1

Proof. See Proposition 2.1 of Wainwright (2019). O

Definition G.4. A random vector X over R? is o x-sub-Gaussian if each X; is o x-sub-Gaussian.
Lemma G.5. If a random vector X over R? is o x-sub-Gaussian, then E[| X||] < oxVd.

Proof. Note that

d d
EIx =E || S Ixl2| < | S EX[2) < ox V4,
1=1 =1

where the first inequality follows from Jensen’s inequality. O

Lemma G.6. Let X be random vector over R% with mean px = E[X], such that X — px is ox-sub-Gaussian.
Then, given €,6 € Ry, the sample complexity of X satisfies

202 log(2d/0)

nx(e,d) < 2

)

i.e., given Ty,..., Ty ~ px(x) i.i.d. samples of X with empirical mean x = n~* Y. | z,, then Pri||z — px|| >
€] <6.

Proof. Note that

as claimed. O

Lemma G.7. Let X be a ox-sub-Gaussian random vector over R, and let Y be a random vector over RY
satisfying

Y] < Al X[: + B,
where A, B € R.. Then'Y is oy -sub-Gaussian, where

oy = max{10Aoxdlogd,5B}.

Proof. We first prove that |Y;| is bounded for each i € [d], and then use this fact to prove that Y; is sub-Gaussian.
In particular, we claim that for any i € [d] and any ¢ € R, we have
+2

2

Pr[|V;| > 1] < 2e >°%

)

where
Fy = max {4A0Xd\/log d, 23} .

To this end, note that by Theorem 5.1 in Lattimore and Szepesvéri (2018), for any ¢ € [d] and any ¢ € R, we
have

+2

Pr[|X;| >t] < 2e % .
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Now, note that

t—B] < t—B =B
Pyl = 4 < PafIy] > o < P[] > S5 < > r x> 7| < 2 i,
We consider three cases. First, suppose that ¢ > max{4Aoxd\/logd,2B}. Then, (t — B)? > (t/2)?, so

12 t2 —(Ado x VB)? log d
_ —=(Adox VB) lod
Pr[|Y;| > t] < 2de “4doxV®? = 2¢ (Adox V®) .

Furthermore, t? — (Adoxv/8)?logd > (t?/2), so

_t2=(Adox VB)? logd e _ 2
Pr[|K| > t] < 2e (Ado x V8)2 < 9¢ 2(AdoxVE? < Q¢ 253
Second, if t < 2B, then
+2 (2B)2

SO

Third, if t < 4Aoxd+/logd, then

2 _ (4Aox dvTogd)?
—2 — =2 —
2¢ Y > 2 o >2e7 2>,

SO
+2

Pr[|Y;] > 1] <1< 2 %,

As a consequence, by Note 5.4.2 in Lattimore and Szepesvéri (2018), Y; is &y +v/5-sub-Gaussian. Note that
oy > 6y /5, so the theorem follows. O

e 2, 2
Pr,.. St > [ — et/
Tam N (0,0%) 7] > ]—V% e

Proof. By Theorem 2 in Chang et al. (2011), we have

Lemma G.8. Given o € Ry,

1 e 2
1—®@)> =4/ — et
B =5\ 3¢

where ®(t) is the cumulative distribution function of N'(0,1). Thus, for € € R, we have

t t e _$2 /52
PFZN/\/(O’Jz)H:ﬂ > t] = Prsz(O,l) [|Z| > 0':| =2 (1 - <0>) > ”% et/ > ).

The claim follows. O

H Technical Lemmas (Sub-Exponential Random Variables)

We define sub-exponential random variables, and prove a number of standard results. Additionally, we prove
Lemma H.7 (an analog of Lemma G.7), a key lemma that enables us to infer a sub-exponential constant for a
random variable bounded Y in norm by a sub-exponential random variable X, i.e., ||[Y]| < A||X||; + B (where
I - || is the Ls norm). This lemma is a key step in the proof of our upper bound in Theorem 4.7. Finally, we also
prove Lemma H.8, which is a key step in the proof of our lower bound in Theorem 4.7.
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Definition H.1. A random variable X over R is (7x, bx )-sub-ezponential if E[X] = 0, and for all ¢ € R satisfying
lt| < bx', we have E[etX] < e™x1°/2,
Lemma H.2. Let x1,...,2, ~ px(x) be i.i.d. (Tx,bx)-sub-exponential random variables over R. Then, we have

2

Pri|ES a2 < {2 3 il < TR/bx
n.- 2¢” %x  otherwise.
Proof. See (2.20) in Wainwright (2019). O

Definition H.3. A random vector X over R? is (7x, bx )-sub-exponential if each X; is (7x, bx )-sub-exponential.

Lemma H.4. Let X be a random vector over R? with mean ux = E[X], such that X — ux is (7x,bx)-sub-
exponential. Then, given €,0 € Ry such that € < dt% /bx, the sample complezity of X satisfies

27% log(2d/6
nx(e,8) = 21080
€
i.e., given Ti,..., Ty ~ px(x) i.i.d. samples of X with empirical mean x = n~* Y. | x,, then Pri||z — px|| >

€] <6.

Proof. Note that

nt?

22 <9de 7% <§

— 9

d
Prlllz — pxll = < Prfle = x| = < D7 Pr [lai — s
=1

as claimed. O

Lemma H.5. Let X be ox-sub-Gaussian. Then, X? is (Tx,bx )-sub-exponential, where Tx,bx = O(c%).

Proof. The result follows from Lemma 5.5, Lemma 5.14, and the discussion preceding Definition 5.13 in Vershynin
(2010). In particular, using the notation in Vershynin (2010), by Lemma 5.5, we have that X satisfies || X ||y, =
O(ox). Then, by Lemma 5.14, we have that || X?||y, = 2| X[|7, = O(c%). Finally, by the discussion preceding
Definition 5.13, we have that X? is (7x,bx)-sub-exponential with parameters 7x,bx = O(||X?||y,) = O(c%).
O

The claim follows.

Lemma H.6. Let X andY be ox-sub-Gaussian, respectively. Then, Z = XY is (177, bz)-sub-exponential, where
TZ, bZ = O(O'g()

Proof. Note that

(X+Y)2— (X -Y)?
- .

Z =XY =

By Lemma H.5, we have X + Y and X — Y are (7, b)-sub-exponential for 7,b = O(c%), so Z is 7z, bz-sub-
exponential, for 77,bz = O(T +b) = O(c%), as claimed. O

Lemma H.7. Let X be a (Tx,bx)-sub-exponential random vector over R%, and let Y be a random vector over
R satisfying

IVl < Al X1 + B,

where A,B € Ry. Then'Y is (1y,by)-sub-exponential, where v ,by = O(A(tx + bx)dlogd + B).

Proof. We use Lemma 5.14 and the discussion preceding Definition 5.13 in Vershynin (2010). In particular, let
~ . . . . . s |
Tx = max{7x, bx }; then, from the definition of sub-exponential random variables with ¢t = 75", we have

X, _t2
E [e%} <E {62%3(} <e
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for each i € [d]. Thus, using the notation in Vershynin (2010), so by the discussion preceding the Definition 5.13
in Vershynin (2010), we have X; satisfies || X;|4, = O(7x), and furthermore satisfies

Pr|X;| > t] < 3¢ /K

for all t € R4, where K = O(||X;l|y,) = O(Tx). Thus, for each ¢ € [d], we have
d
t— B t— B _t-B
PI'HK‘ 2 t] S Pr |:||X|1 Z A:| S 7;:51 Pr |:XZ| 2 M:| S del AKd ,

Now, let
Ty = max{4AKdlogd,2B}.

We consider three cases. First, suppose that ¢ > max{4AKdlogd,2B}. Then, t — B > t/2, so

|_t=2AKdlogd

Pl“HY;l > t} < del_ﬁ —e 3AKd

Furthermore, t — 2AKdlogd > t/2, so

_t—2AKdlogd t

Pr[|YZ| > t] < elm T zaka - < 61,m < eli?y_

Second, if t < 2B, then
2B
el T >e' T > 1,
S0
'_L

Pr|Y;| >t]<1<e' 7.

Third, if t < 4AKdlogd, then

1— -t |_4AKdlogd
e v >e Ty >1

SO
Pr[|Y;| > 1] <1<e 7.

As a consequence, by the discussion preceding Definition 5.13 in Vershynin (2010), we have Y; satisfies || Y|y, =
O(7y). Thus, by Lemma 5.15 in Vershynin (2010), we have that Y; is (1y, by )-sub-exponential, where

Ty,by = O(HYl”wl) = O(7y) = O(AKdlogd + B) = O(A7xdlogd + B) = O(A(rx + bx)dlogd + B).
The claim follows. O
Lemma H.8. Given o € Ry, let

(xMW)2 4.+ (2(™)?

3

T =
n

where z(V . 2™ ~ N(0,02) i.i.d., and let ju, = Epy)[z] = 0. Then, we have

! e 207 .
e2v/2n

Prp(w) [‘T 2> Hg + 6] >

Proof. Let z = (2(0)2 + ... + (2(™)? be the sum of the squares of n i.i.d. standard Gaussian random variables
AN O N(0,1). We assume that n = 2k is even. Then, z is distributed according to the ng distribution,
which has density function

1 k—1_—=z

ka(Z):mZ €
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and mean o = 2k. For z > o = 2k, we have

pak(z) > é(%)k_le‘z/2 _ L ﬂe_z/2 >1. K e~i2 > 1 ck-x/2
— 28 (k—1)! 2 (k-1 T2 (k—1)k1/2e-k+2 ~ 22k ’
where the second inequality follows from a result
n! < nn+1/2617n

based on Stirling’s approximation Robbins (1955). Thus, for any € € R, we have

1
2e2\/k

Pr. 2 [z 2 poe + € 2 / = k=2 eh—(uarte)/2 _ /2

jonte 2€2Vk 2e2Vk

Finally, for 2 = ((z)2 + .. 4+ (()?) /n, where (1) ... 2" ~ N(0,0?) i.i.d., note that x = % and

so we have

1 e 207 .
e2v/2n

Prp(w) [17 > pg + 6] = PI‘ZNX% Z 2 phn + g} >
The claim follows.

I Experimental Results

We show enlarged versions of the plots from Figure 1:
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